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We study a one-dimensional spin-1/2 XXZ Heisenberg model with alternating Dzyaloshinskii-
Moriya interaction, using the numerical Lanczos method. Recently, the ground state (GS) phase
diagram of this model has been established using the bosonization approach and extensive density
matrix renormalization group computations. Four quantum phases – saturated ferromagnetic (FM),
Luttinger liquid (LL), and two (C1 and C2) gapped phases with composite structure of GS order,
characterized by the coexistence of long-range alternating dimer, chirality and antiferromagnetic
order have been identified. Here we reexamine the same problem using the exact diagonalization
Lanczos method for chains up to N = 26 sites and explicitly detect positions of quantum critical
points (QCP) by investigating the quantum correlations as the entanglement and the quantum
discord (QD). It is shown that the entanglement quantified by concurrence and the first derivative
of the QD are able to reveal besides the standard FM QCP also the Berezinskii-Kosterlitz-Thouless
(BKT) phase transition point between the LL and the gapped C1 phase and the Ising type critical
point separating the C1 and C2 phases.
PACS numbers:
I. INTRODUCTION
The study of quantum phase transitions (QPT) has
emerged as an intensely developing field of research in
contemporary condensed matter physics1–4. Although
the correlated electron systems supply a rich variety
of models that may be driven to a quantum phase
transition3,5,6, the low-dimensional quantum magnets re-
main the most natural prototype systems to study these
fascinating phenomena2,4,7–9.
Quantum phase transitions occur at zero temperature
where no thermal fluctuations are present and result from
the change of character and the intensity of quantum fluc-
tuations. At absolute zero temperature, with proper tun-
ing of the corresponding model parameter, one can tilt
the subtle balance between the competing GSs associated
with conflicting interactions of quantum nature. In anal-
ogy with the classical phase transitions, specific values
of the model parameters, corresponding to the quantum
phase transitions are called the quantum critical points
(QCP). Identification of the QCP in quantum many-body
model is a complicated task and is the subject of keen in-
terest of researchers over decades.
The one-dimensional spin S = 1/2 XXZ Heisenberg
model with nearest-neighbour interaction
H = J
∑
n
[
SxnS
x
n+1 + S
y
nS
y
n+1 + γS
z
nS
z
n+1
]
, (1)
where Sin (i = x, y, z) is the spin-1/2 operator on the n-th
site and J > 0, is characterized by the rich GS properties
and therefore proved to be an excellent prototype model
for studying quantum critical points. Integrability of the
Eq. (1) together with the continuum-limit bosonization
analysis allows to identify the exact positions of all QCPs
and to visualize the effect of the quantum fluctuations via
the infrared (large distance) behavior of spin-spin corre-
lation functions in different phases (for details see10,11).
Depending on the value of the exchange anisotropy pa-
rameter γ following three quantum phases are realized in
the GS of the model: the ferromagnetic phase (FM) at
γ < −1, the Ne´el phase (AFM) with staggered magneti-
zation reduced by quantum fluctuations at γ > 1 and the
gapless Luttinger-liquid (LL) phase at −1 < γ ≤ 1 char-
acterized with power-law decay of correlations at large
distances.
In the recent publication12, the ground state phase di-
agram of the extended version of the one dimensional
(1D) spin S = 1/2 XXZ Heisenberg model given by the
Hamiltonian
H = J
∑
n
[
SxnS
x
n+1 + S
y
nS
y
n+1 + γS
z
nS
z
n+1
+ i(d0 + (−1)nd1)
(
SxnS
y
n+1 − SynSxn+1
) ]
, (2)
has been studied using the bosonization approach and
extensive density matrix renormalization group compu-
tations. The second term in Eq.(2) corresponds to the
Dzyaloshinskii-Moriya (DM) interaction
HDM = J
∑
n
d(n) · [Sn × Sn+1], (3)
in the case of orientated along the zˆ axis alternating axial
vector
d(n) = (0, 0, d0 + (−1)nd1) . (4)
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2The Dzyaloshinskii-Moriya interaction corresponds to
the antisymmetric part of the exchange tensor and ap-
pears in a system with broken inversion symmetry due
to the spin-orbit coupling. Historically, it was first in-
troduced by I. Dzyaloshinskii on the grounds of general
symmetry arguments to explain weak canted ferromag-
netism observed in hematite α − Fe2O313. Later, the
spin-orbit coupling as the microscopic mechanism of the
antisymmetric exchange interaction has been identified
by T. Moriya14.
The intensity of the DM coupling between two neigh-
boring spins is determined by the vector d, which usually
is established using the Moriya symmetry rules14 or, in
more advanced cases, within the Le´vy and Fert model15
or by the first–principles calculations16,17. Generally, in
a spin chain, vector d may vary on neighboring links both
in magnitude and orientation, however, the symmetry re-
strictions based on the properties of real solid state mate-
rials usually rule out most of the possibilities and confine
the majority of theoretical discussion to two principal
cases – uniform DM interaction, d vector remains un-
changed over the system18–26 and the case of staggered
DM interaction, with the antiparallel orientation of d on
adjacent bonds27–43. In both cases, the DM term can be
eliminated by the gauge transformation and absorbed in
a boundary condition not affecting the basic structure
of the Hamiltonian18,19. Therefore, acting separately,
neither uniform nor a staggered DM term can change
the spectral properties of the 1D spin chain and trigger
the unconventional mechanisms for gap formation only in
the presence of applied magnetic field and/or the stag-
gered gyromagnetic tensor. Real systems that show this
type of behavior are those which display chain structure,
such as Cu-benzoate27–30, Cu-Pyrimidine Dinitrate31–33,
Y b4As3
34–37, BaCu2Si2O7
38,39, Sr2V3O9
40 as well as
the ladder-type structures such as (C7H10N)2CuBr4 and
Cu(C8H6N2)Cl2
44–46.
Recently it has been demonstrated that the DM inter-
action can be efficiently tailored with a substantial ef-
ficiency factor by the external electric field47–49. This
unveils the possibility to control DM interaction and
magnetic anisotropy via the electric field and opens a
wide area for application of effects caused by the spa-
tially modulated DM interaction on the properties of
low-dimensional spin systems. Relevant recent theoreti-
cal prediction applies to the gap formation mechanism in
the XXZ Heisenberg chain with modulated DM interac-
tion due to the interplay between the uniform and stag-
gered parts of the DM coupling at the isotropic g-factor
and in the absence of an external magnetic field12.
For d0d1 6= 0, depending on the value of the exchange
anisotropy parameter γ, the GS phase diagram of the
model (2) contains three QCP, which separate the fol-
lowing four different phases (see Fig. 1 (a)).
The first quantum critical point, with the exact value
γc1 = −J∗ = −
√
1 + d20 + d
2
1 , (5)
corresponds to the transition from the ferromagnetically
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FIG. 1: (a) Schematic picture of the ground state phase di-
agram of the spin-1/2 XXZ Heisenberg chain with the modu-
lated DM interaction12. (b) The same picture from the view
point of quantum correlations.
ordered phase for γ < γc1 into the LL phase. The in-
teraction coupling constant is considered to be J = 1.
The gapless LL phase is shrunk up to a narrow region
between γc1 < γ ≤ γc2 = −J∗/
√
2. At γ = γc2 the
Berezinskii-Kosterlitz-Thouless (BKT) phase transition
takes the system into the composite (C1) gapped phase
characterized by the coexistence of long-range ordered
(LRO) spin dimerization
 =
1
N
N∑
n=1
(−1)n〈Sn · Sn+1〉 , (6)
and alternating spin chirality
κ =
1
N
N∑
n=1
(−1)n〈[Sn × Sn+1 ]z〉 , (7)
patterns. Here the brackets symbolize the GS average
values.
Finally, at
γ = γc3 ' J∗
[
1 +
(
d0d1/J
∗ 2)0.4] , (8)
the Ising type phase transition into the other gapped
composite C2 phase takes place. In this phase, be-
sides the long-range dimerization and alternating spin-
chirality order, the long-range antiferromagnetic order,
characterized by the staggered magnetization
m =
1
N
N∑
n=1
(−1)n〈Szn〉 , (9)
is present.
In the last years, very powerful approaches based on
the implementation of concepts partly borrowed from the
quantum information theory50 have been developed and
intensively used to identify QCP in the various models of
strongly correlated electron or spin systems51. In partic-
ular, the detailed analysis of various bipartite quantum
3correlations as the entanglement and the quantum dis-
cord (QD), calculated in the case of finite clusters, has
been successfully used to solve these problems52–68.
In this paper, we use the numerical exact diagonal-
ization Lanczos method for chains up to N = 26 sites
and calculate various bipartite quantum correlations as
a function of the exchange anisotropy parameter γ to de-
termine precise positions of all QCPs of the spin chain
model (2) (see Fig. 1 (b)). In the last years this tech-
nique has been successfully used to study the GS phase
diagram of the Heisenberg69,70 and Ising spin chains71–77.
The outline of this paper is as follows. In the forthcom-
ing Section, we introduce quantum correlations including
the concurrence and the QD. In Sec. III, we present our
exact calculation results of the various two-spin quan-
tum correlations. Finally, the results are discussed and
summarized in Sec. IV.
II. QUANTUM CORRELATIONS
It is well established, that in the marked contrast with
local order parameters used in the case of phase tran-
sitions described within the Landau-Ginzburg-Wilson
paradigm, in quantum systems to trace the signature of
quantum criticality the correlations that have no classi-
cal analogue, such as quantum entanglement, have to be
considered50. To quantify entanglement, different meth-
ods have been suggested. One can use a measure of the
two-party entanglement to determine the shared entan-
glement by two particles in a lattice.
In the following, we will use the concurrence, a mono-
tonic function ranging from zero (a separable state) to
one (a maximally entangled state), as a measure of the
entanglement between a pair of spins78. The concurrence
of two spin-1/2 particles can be calculated from the two-
site reduced density matrix of the model – ρn,m. In the
standard basis {| ↑↑〉, | ↑↓〉, | ↓↑〉, | ↓↓〉}, the correspond-
ing reduced density matrix is expressed as
ρn,m =
 X
+
nm 0 0 F
∗
nm
0 Y +nm Z
∗
nm 0
0 Znm Y
−
nm 0
Fnm 0 0 X
−
nm
 , (10)
where its non-zero elements are defined as
X+nm = 〈(1/2 + Szn)(1/2 + Szm)〉,
Y +nm = 〈(1/2 + Szn)(1/2− Szm)〉,
Y −nm = 〈(1/2− Szn)(1/2 + Szm)〉, (11)
X−nm = 〈(1/2− Szn)(1/2− Szm)〉,
Znm = 〈S+n S−m〉,
Fnm = 〈S+n S+m〉.
The concurrence is given by the following expression:
Cnm = 2 max {0,Λ(1)nm,Λ(2)nm} (12)
where
Λ(1)nm = |Znm| −
√
X+nmX
−
nm ,
Λ(2)nm = |Fnm| −
√
Y +nmY
−
nm .
On the other hand, besides the entanglement which
has been defined according to the separability of states,
a general quantity known as QD contains all quantum
correlations in the considered systems. Zurek defined the
QD as a measure of ’non-classicality’ that can also exist
in the separable states79,80.
The QD between a pair of spins located at n and m
sites is defined as
QDnm = I(ρn,m)− C(ρn,m), (13)
where I denotes the mutual information and C stands
for the classical correlations (for detailed calculations see
Ref.81). Although, the QD borrowed from the quantum
information theory, it has been proved to be a powerful
tool for detecting QCPs in the complicated systems.
III. RESULTS
In what follows we use the results of the numerical ex-
act diagonalization Lanczos method to calculate quan-
tum correlations and analyze their behavior through-
out the GS phases of the model (2) using the exchange
anisotropy γ as a scanning parameter. We restrict our
calculations to the case J > 0 and take J = 1 without
losing generality. At the first step, we calculate the GS of
the system for different chain sizes, N = 16, 20, 22, 24 and
26, then we calculate the density matrix of a pair of spins
with respect to the GS of the finite chains of the given
size and finally, using the relations Eqs. (12) and (13)
calculate the required quantum correlation functions.
A. Case of Uniform (d0 6= 0, d1 = 0) and Staggered
(d0 = 0, d1 6= 0) DM interaction
As it was shown in Ref.12 the most direct way to show
up properties of the model (2) is to gauge away the
DM interaction at the very first stage and to rewrite the
Hamiltonian in a physically more suggestive form. Per-
forming the site-dependent rotation of spins around the
z-axis as introducing new spin variables τx,y,zn
Sx2n−1 = cos[(n− 1)(θ− + θ+)] τx2n−1
− sin[(n− 1)(θ− + θ+)] τy2n−1 , (14)
Sy2n−1 = sin[(n− 1)(θ− + θ+)] τx2n−1
+ cos[(n− 1)(θ− + θ+)] τy2n−1 , (15)
Sx2n = cos[n(θ− + θ+)− θ+] τx2n
− sin[n(θ− + θ+)− θ+] τy2n , (16)
Sy2n = sin[n(θ− + θ+)− θ+] τx2n
+ cos[n(θ− + θ+)− θ+] τy2n , (17)
4and choosing angles θ± such that tan(θ±) = d0 ± d1
and obtain the Hamiltonian without the DM interac-
tion but only with the alternating transverse exchange
interaction82
H = J∗
∑
n
[
(1 + (−1)nδ) (τxnτxn+1 + τynτyn+1)
+γeffτ
z
nτ
z
n+1
]
, (18)
where J∗ = J
√
1 + d20 + d
2
1, γeff = γ/
√
1 + d20 + d
2
1 and
at di = d0 ± d1  1 ( i = ±),
δ ' d0d1 +O
(
d4i
)
. (19)
Thus at δ = 0 i.e. in the case of uniform (d1 = 0) or
staggered (d0 = 0) DM interaction, the effective model
after gauging away the DM interaction is the Hamil-
tonian of XXZ chain (1) with renormalized exchange
anisotropy parameter γeff . Comparison with the exact
GS phase diagram10,11 gives that the FM phase is real-
ized at γ < −√1 + d2i , the gapless chiral liquid phase
at −√1 + d2i < γ ≤ √1 + d2i and LRO AFM phase at
γ >
√
1 + d2i , where i = 0 (i = 1) in the case of uniform
(staggered) DM interaction, respectively.
In Figs. 2 (a) and (b), the concurrence and the QD,
as a function of γ at J = 1 and d0 = 0.5 and d1 = 0.0
are plotted, calculated in the case of chains of length
N = 16, 20, 22, 24, and 26. According to the panel (a), in
the saturated FM phase, the concurrence of nearest pair
spins is zero which is in complete agreement with the
fact that the saturated FM state is a separable quantum
state. Exactly at the first critical point, γ = −
√
1 + d20 =
−1.11±0.01, concurrence starts to increase and gains its
maximum amount at γ =
√
1 + d20 = 1.11 ± 0.01 where
a transition from the chiral phase into the Ne´el phase
occurs.
Furthermore, the nearest pair spins stay entangled in
the Ne´el phase, although the entanglement value de-
creases by increasing γ in this phase. The results of
computed QD between the nearest pair spins is shown
in the panel (b) of Fig. 2. Similar to the concurrence,
the QD has zero value in the saturated FM phase. By
increasing γ, one can explicitly identify two quantum
critical points which mark a qualitative change in the
behavior of QD as a function of γ without display of
any valuable finite size effect. The cusp form at the sec-
ond critical point denotes non-analytic behavior of the
QD known as an indication of the second order quan-
tum phase transition61,83,84. Our results are in a com-
plete agreement with the results of previous studies on
the pure spin-1/2 XXZ chain model85,86.
In Figs. 2 (c) and (d), results of the similar exact diago-
nalization calculations of the concurrence and of the QD,
at J = 1 and d0 = 0 and d1 = 0.5 and N = 16, 20, 22, 24,
and 26, are presented. Comparison of these data with
corresponding results obtained in the case of uniform DM
show the concurrence values are the same in two different
cases d1 = 0 or d0 = 0 (provided by the same value of the
γ
C
-2 -1 0 1 2
0
0.1
0.2
0.3
0.4
N=16
N=20
N=22
N=24
N=26
( a )
d0 = 0 . 5
d1 = 0 . 0
γ
QD
-2 -1 0 1 2
0
0.1
0.2
0.3
0.4
N=16
N=20
N=22
N=24
N=26
( b )
d0 = 0 . 5
d1 = 0 . 0
γ
C
-2 -1 0 1 2
0
0.1
0.2
0.3
0.4
N=16
N=20
N=22
N=24
N=26
( c )
d0 = 0 . 0
d1 = 0 . 5
γ
QD
-2 -1 0 1 2
0
0.1
0.2
0.3
0.4
N=16
N=20
N=22
N=24
N=26
( d )
d0 = 0 . 0
d1 = 0 . 5
FIG. 2: (a) The concurrence (b) the quantum discord be-
tween the nearest neighbor spin pairs as a function of γ for
d0 = 0.5, d1 = 0 (c) the concurrence, and (d) the quantum
discord between the nearest neighbor spin pairs as a function
of γ for d0 = 0, d1 = 0.5, using Lanczos method for chain
sizes N = 16, 20, 22, 24, and 26 calculated at J = 1.
parameter J∗) being an additional proof of the univer-
sality of the effective Hamiltonian Eq. (18), obtained by
the gauge transformation in both the above considered
cases. On the other hand, the QD between the nearest
pair spins shows weakly different behavior in the prox-
imity of the first quantum critical point. This can be
treated as a sign of the difference between the chiral and
the staggered chiral phases from the viewpoint of the
quantum correlations.
B. Modulated DM interaction (d0 6= 0, d1 6= 0)
In this part, we extend the study of quantum corre-
lations in the presence of both uniform and staggered
parts of DM interaction. We considered different val-
ues of DM interaction and numerically diagonalized the
Hamiltonian for different finite-size chains. Specifically,
we present the numerical results of quantum correlations
as a function of γ for d0 = 0.58 and d1 = 0.2 (Fig. 3).
Since, in this case, the DM interaction on odd links dif-
fers from the even links, therefore, quantum correlations
have been calculated between the nearest pair spins on
odd and even links, separately.
In Fig. 3 (a) the concurrence between a pair of
spins, separated by odd links, CO as a function of
the anisotropy parameter γ is depicted for finite chains
N = 16, 20, 22, 24, and 26. The same behavior of the
entanglement is observed in all finite size chains. As it
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FIG. 3: The concurrence between the nearest neighbor spin
pairs separated by (a) odd links and (b) even links and quan-
tum discord between the nearest neighbor spin pairs sepa-
rated by (c) odd links and (d) even links as a function of γ,
for d0 = 0.58, d1 = 0.2 and J = 1, using Lanczos results for
chain sizes N = 16, 20, 22, 24, and 26. The inset in panel (a)
shows the concurrence with respect to γ separated by odd
links for chain sizes N = 16 and 20.
is seen, spins are not entangled up to the first critical
point γc1 ' −1.17 ± 0.01 ' −J∗. The concurrence be-
comes finite as soon as γ passes the first critical point γc1
and then increases with increasing γ. As we observe CO
reaches a maximum value at the BKT phase transition
point, i.e. γc2 ' −0.65 ± 0.01 in a very good agreement
with the prediction of analytical (γc2 = − J∗√2 ' −0.83)
and numerical DMRG (γc2 ' 0.84± 0.08) studies12. The
concurrence CO also displays a minimum for large value
of γ ' 0.8 in the C1 phase, however no trace of the third
critical point γc3 can be subtracted from these data.
To proceed, the entanglement between a pair of spins
on even links, CE , is demonstrated in Fig. 3 (b). Similar
to the concurrence between spin pairs on odd links, no
signature of the second and third critical points, γc2 and
γc3, is present in the displayed in the γ dependence of
the concurrence between a pair spins separated by even
links on CE . The DM interaction between a pair of spins
on even links (d0 + d1) is stronger than the odd links. It
is known that spin pairs with pure DM interaction are
completely entangled. For this reason, the increase of
entanglement by raising the DM interaction is naturally
expected87,88.
Due to the higher value of the DM interaction between
spins separated by even links than by odd links, the en-
tanglement, CE , is significantly stronger than CO as it
is clearly seen if one compares data presented in panels
(a) and (b) of Fig. 3. As we observe in these figures,
non-entangled spins in the FM phase, start to entangle
at γ > γc1 ' −1.17 ± 0.01. With further increase of γ,
the entanglement also increases, however it shows differ-
ent behavior, when is calculated for spins separated by
even or odd links. Concurrence for even links, CE , mono-
tonically increases with increasing γ and reaches its max-
imum around the third critical point γc3 ' 1.17 ± 0.01.
Therefore the concurrence between pair of spins on even
links does not trace any sign of the BKT transition.
However, the concurrence between pair of spins on weak
odd links, CO, shows a well-pronounced maximum in the
vicinity of the second QCP at γc2 ' γ ' −0.65 ± 0.01
then decays, again starts to increase in the vicinity of
C1 − C2 transition point and finally decreases in the
AFM phase (shown in the inset of Fig. 3 (a) for chain
size N = 16, 20).
Panels (c) and (d) in Fig. 3 depict QD between pair
of spins on odd and even links, respectively. As shown
in Fig. 3 (c), we observe a discontinuous behavior for
QDO along the quantum phase transition from FM to
LL phase without any finite size effect. In both LL and
the first composite phases, QDO has decreasing behavior.
With further increase of γ, the Ising type transition from
C1 onto the C2 composite phase at γc3 ' 1.17 ± 0.01 is
clearly signaled by the maximum (cusp form) in the γ
dependence of QDO. We have to mention that this criti-
cal value is also in a good agreement with the numerical
DMRG (γc3 ' 1.70± 0.08) result12.
From Fig. 3 (d), one can clearly detect QCP between
FM and LL phases as a jump in QDE value. Moreover,
the maximum in Fig. 3 (d) shows the Ising type transi-
tion between C1 and C2 composite phases. In addition,
as the same as concurrence the amount of QD between
pair of spins on even links is larger than odd links and also
shows monotonic increasing behavior in the first compos-
ite phase C1.
Next, to prob the BKT quantum phase transition point
in the derivation of QD, we perform the first derivative of
QDO for a system size N = 22 in Fig. 4. As easily seen
in Fig. 4, the BKT phase transition is clearly signaled
by a minimum in the first derivative of the QDO. The
minimum is nearly placed where the concurrence between
pair of spins on odd links, CO, will be maximized (shown
in the inset of Fig. 4).
We also investigate how the quantum correlations
change for different values of the d1 in a fixed d0.
Fig. 5 (a) shows CO as a function of d1 and γ at d0 = 0.58.
As it is seen CO has zero value in the FM phase. For
d1 = 0, CO indicates two different regions correspond to
FM and chiral phases. By increasing d1, a new maximum
at γc2 ' −0.7J? appears that shows the BKT quantum
phase transition at the end of the LL phase. This max-
imum moves to lower values of γ when d1 increases. As
it is already mentioned CO does not contain any indi-
cation which marks the critical point between composite
C1 and C2 phases. The QD between the pair spins on
odd links is depicted in panel (b) of Fig. 5. In addition to
the FM-LL phase transition, QDO can reveal the second
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FIG. 4: The first derivative of the QD between spin pairs
on odd links with respect to the γ for a chain size N = 22.
The inset shows the concurrence as a function of γ between
the mentioned pair of spins.
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FIG. 5: (a) The concurrence and (b) the QD between spin
pairs on odd links as a function of γ and d1. Numerical Lanc-
zos results for a chain size N = 22 and d0 = 0.58.
boundary critical line regarding C1 − C2 phase transi-
tion. Although, it is not able to show the critical line
between LL and C1 phases.
IV. SUMMARY
In this paper, we explored the finite system exact diag-
onalization calculations of the bipartite quantum correla-
tion concurrence and quantum discord between nearest-
neighbor pair spins to accurately identify quantum criti-
cal points in the ground state phase diagram of the spin-
1/2 XXZ Heisenberg chains with alternating DM interac-
tion. The Hamiltonian of the model was diagonalized by
the numerical Lanczos method for different chain sizes,
N = 16, 20, 22, 24 and 26. The existence of different
phase transitions has been proven by the investigation
of quantum correlations.
In the case of the pure uniform or staggered DM inter-
action, the presence of the three different regions as fer-
romagnetic, chiral and Ne´el phases were confirmed sepa-
rately by the entanglement and the QD with two critical
points located at γc = ±
√
1 + d2i , where i = 0(1) for
uniform (staggered) order.
In the case of alternating DM interaction at d0d1 6= 0,
detection of the first critical point, as a discontinuity can
be done by both entanglement and the QD, straightfor-
wardly. Probing the location of the maximum created
in the entanglement, we found a Berezinskii-Kosterlitz-
Thouless phase transition at γc2 ' −J?/
√
2 point regard-
ing Lattinger liquid - C1 phase transition. Moreover, we
have successfully extracted the location of the BKT tran-
sition by consideration of the first derivative of the QD.
Furthermore, it was shown that the QD can distinguish
another phase transition point at γc3 ' J? correspond
to the quantum phase transition between two composite
phases C1 and C2.
For completeness, we have focused on the QD between
pair of spins with different distances up to four lattice
spacing. Results of analyzing QD between spins with
further distances show that they can reflect FM and Ising
transitions as well as QD between the nearest-neighbor
pair of spins.
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